We study conditions under which a finite simplicial complex K can be mapped to R d without higher-multiplicity intersections. An almost r-embedding is a map f : K → R d such that the images of any r pairwise disjoint simplices of K do not have a common point. We show that if r is not a prime power and d ≥ 2r + 1, then there is a counterexample to the topological Tverberg conjecture, i.e., there is an almost r-embedding of the (d + 1)(r − 1)-simplex in R d . This improves on previous constructions of counterexamples (for d ≥ 3r) based on a series of papers by M.Özaydin, M. Gromov, P. Blagojević, F. Frick, G. Ziegler, and the second and fourth present author.
1 Main results
The topological Tverberg conjecture and almost r-embeddings
Throughout this paper, let K be a finite simplicial complex, and let r and d be positive integers. A map f : K → R d is an almost r-embedding if f (σ 1 ) ∩ · · · ∩ f (σ r ) = ∅ whenever σ 1 , . . . , σ r are pairwise disjoint simplices of K. 1 The well-known topological Tverberg conjecture, raised by Bajmoczy and Bárány [BB] and Tverberg [GS, Problem 84] asserts that the (d + 1)(r − 1)-dimensional simplex does not admit an almost r-embedding in R d . This was proved in the case where r is a prime [BB, BShSz] or a prime power [Öz, Vo] , but the case of arbitrary r remained open and was considered a central unsolved problem of topological combinatorics.
Remark 1.1. Recently, the second and the fourth author [MW14] proposed an approach to refuting the conjecture in the remaining cases, based on
• a general algebraic criterion for the existence of almost r-embeddings in codimension ≥ 3 [MW14, MW] (the deleted product criterion, cf. Theorem 1.4 and Proposition 1.8 below), and
• a result ofÖzaydin [Öz] that guarantees that the hypothesis of this criterion is satisfied whenever r is not a prime power (see [Sk16, §3] for a suitable reformulation and simplified exposition ofÖzaydin's theorem).
There seemed to be a serious obstacle to completing this approach: maps from the (d + 1)(r − 1)-simplex to R d do not satisfy the codimension 3 restriction. (In a sense, the problem is rather a codimension zero problem.) Frick [Fr] was the first to realize that this obstacle can be overcome by a beautiful combinatorial trick (see Proposition 1.10 below) discovered by Gromov [Gr] and independently by , 2 and that thus the results of [Öz] , [Gr, BFZ14] and [MW] combined yield counterexamples to the topological Tverberg conjecture for d ≥ 3r + 1 whenever r is not a prime power, cf. [Fr, BFZ] . Using a more involved method ('prismatic maps') to overcome the obstacle, the dimension for the counterexamples was lowered to d ≥ 3r in [MW] . For more detailed accounts of the history of the counterexamples, see the surveys [BZ, §1 and beginning of §5] and [Sk16, §1] and the references therein.
Thus for r not a prime power and d ≥ 3r, there are counterexamples to the topological Tverberg conjecture. Here, we improve this and show that counterexamples exist for d ≥ 2r + 1: Theorem 1.2. There is an almost 6-embedding 3 of the 70-dimensional simplex in R 13 .
More generally, if r is not a prime power and d ≥ 2r +1, then there is an almost r-embedding of the (d + 1)(r − 1)-simplex in R d . Remark 1.3. Analogously to [MW, §5] , it can be shown that counterexamples exist for d ≥ 2r, by using the results in the present paper (the Global and Local Disjunction Theorems 1.15 and 1.17 below) to rewrite the proofs of [MW, Thm. 11] with k ≥ 2 instead of k ≥ 3. Since the necessary facts about prismatic maps are not gathered in one easily citable statement in the current version of [MW, §5] but dispersed throughout the text, for simplicity of presentation we focus here on the shorter argument for d ≥ 2r + 1.
The proof of Theorem 1.2 is based on an extension of the criterion of [MW14, MW] to codimension 2, which we will formulate presently.
Assume that dim K = k(r − 1) for some k ≥ 1. Let f : K → R kr be a map.
We call a point y ∈ R kr a global r-fold point of f if y has r pairwise distinct preimages, lying in pairwise disjoint simplices of K, i.e., y ∈ f (σ 1 ) ∩ · · · ∩ f (σ r ) and σ i ∩ σ j = ∅ for i = j.
(Thus, f is an almost r-embedding if and only if it has no global r-fold point.) Assume that f is a PL map in general position. Then preimages y 1 , . . . , y r ∈ K of any global r-fold point y ∈ R d lie in the interiors of pairwise k(r − 1)-dimensional simplex of K. Choose arbitrarily an orientation for each of these k(r − 1)-simplices. By general position, f is affine on a neighborhood U j of y j for each j = 1, . . . , r. Take the positive base of k vectors in the oriented normal space to oriented f U j . The r-intersection sign of y is the sign ±1 of the base in R kr formed by r such k-bases.
(This is classical for r = 2 and is analogous for r ≥ 3, cf. [MW, § 2.2] .)
We call f a Z-almost r-embedding if the sum f (σ 1 ) · . . . · f (σ r ) ∈ Z of the r-intersection signs of all global r-fold points y ∈ f (σ 1 ) ∩ . . . ∩ f (σ r ) is zero, whenever σ 1 , . . . , σ r are pairwise disjoint simplices of K. 4 In [MW] , the following sufficient condition for almost r-embeddability in codimension 3 was proved:
Theorem 1.4. [ [MW] , see a shorter proof in §2.3] If k ≥ 3 and a finite k(r − 1)-dimensional simplicial complex is Z-almost r-embeddable in R kr , then it is almost r-embeddable in R kr .
Our main result is an analogous condition for codimension 2 and r ≥ 3: Theorem 1.5. If r ≥ 3 and a finite 2(r − 1)-dimensional simplicial complex is Z-almost rembeddable in R 2r , then it is almost r-embeddable in R 2r .
However, this fails for r = 2: Theorem 1.6. There exists a finite 2-dimensional complex that admits a Z-almost 2-embedding in R 4 but does not admit an almost 2-embedding in R 4 . Theorems 1.4 and 1.5 (together with Propositions 1.8 and 1.9) imply the following corollaries. For k ≥ 3 they are results of [MW] , for k = 2 of this paper. Corollary 1.7. (a) If k ≥ 2 and r is not a prime power, then every finite k(r − 1)-dimensional complex admits an almost r-embedding in R kr .
(b) For each fixed k, r ≥ 2, k + r ≥ 5, almost r-embeddability of finite k(r − 1)-dimensional complexes in R kr is decidable in polynomial time.
Proposition 1.8. [MW] Let K be a finite k(r−1)-dimensional simplicial complex. The following conditions are equivalent:
(1) K is Z-almost r-embeddable in R kr .
(2) The generalized van Kampen obstruction to Z-almost r-embeddability of K in R kr is zero. 5 (3) There exists a S r -equivariant map K ×r ∆ → S kr(r−1)−1 . 6 4 The sign of the algebraic r-intersection number depends on an arbitrary choice of orientations for each σi,
Observe that an Z-almost r-embedding is automatically a PL general position map.
5 For any general position PL map f : K → R kr , the obstruction is represented by an intersection cocycle that assigns to each kr(r − 1)-cell σ1 × · · · × σr of K ×r ∆ the algebraic intersection number f (σ1) · . . . · f (σr); see [MW, §4] for details. The triviality of the obstruction means that the intersection cocycle is null-cohomologous. 6 Here K ×r ∆ is the simplicial r-fold deleted product of K, i.e.,
on which the symmetric group Sr acts by permuting the factors. The group Sr acts on the set of real kr × rmatrices by permuting the columns. Denote by S kr(r−1)−1 the set of such matrices with sum in each row zero, and the sum of squares of the matrix elements is 1. This set is homeomorphic to the sphere of dimension kr(r − 1) − 1. This set is invariant under the action of Σr.
Proof. The implication (1) ⇒ (2) is trivial. The implication (2) ⇒ (1) is [MW, Cor. 44] . The equivalence (2) ⇔ (3) is proved using equivariant obstruction theory, see [MW, Thm. 40] , [Sk16, Proposition 3.2] . Proposition 1.9. [Öz, MW] Let K be a finite k(r − 1)-dimensional simplicial complex. If r is not a prime power, then every k(r − 1)-complex admits a Z-almost r-embedding in R kr .
Proof. This follows from the implication (3) ⇒ (1) of Proposition 1.8, and the followingÖzaydin's Theorem: If r is not a prime power, and dim K
Proof of Corollary 1.7. Since dim K ≤ 2(r −1) we have dim K ×r ∆ ≤ 2r(r −1). So part (a) follows from Theorems 1.4 and 1.5, together with Proposition 1.9.
Part (b) follows because by Theorems 1.4 and 1.5 (together with their trivial converses) for each k, r ≥ 2, k + r ≥ 5, almost r-embeddability of a k(r − 1)-complex K in R kr is equivalent to each property of Proposition 1.8. Of these, property (2) is decidable in polynomial time.
Proposition 1.10. If k, r are integers and there is an almost r-embedding of the k(r−1)-skeleton of the (kr + 2)(r − 1)-simplex in R kr , then there is an almost r-embedding of the (kr + 2)(r − 1)-simplex in R kr+1 . ( [Gr, 2.9 .b], [BFZ14, Lemma 4.1.iii and 4.2] , [Fr, proof of Theorem 4] , see also surveys [Sk16, §2] , [BZ, §5] .)
Counterexamples to the topological Tverberg conjecture follow from Corollary 1.7.a and Proposition 1.10. In dimension d ≥ 3r + 1 we need Corollary 1.7.a for k ≥ 3, which is known (for history see Remark 1.1 and references there). In dimension d ≥ 2r + 1 (Theorem 1.2) we need Corollary 1.7.a for k = 2, which is a result of this paper.
Remark 1.11. (a) The proof of Theorem 1.5 is based on certain simplifications of the 'codimension 3' proof of [MW] , which permit making the necessary modifications required for the case of codimension 2. The main simplification is to replace the geometric cancelation of intersections by ambient isotopies ( [MW, Theorem 17] , an analogue of the Whitney trick) by a homotopytheoretic extension argument. This homotopy-theoretic extension argument was applied before (in [Sk00, MW14] and other papers). Cf. Remark 1.18. In § 2.3, we use the same ideas in the simpler setting of codimension 3 to give an alternative proof of [MW, Theorem 7] ; some readers may wish to read §3 first before studying the proof in codimension 2. Although we drew much inspiration from [Sk00, MW] (and so from other papers which inspired us earlier), our proof of Theorem 1.5 is independent of [Sk00, MW] .
It is well-known that the Whitney trick works in codimension ≥ 3 and fails in codimension 2 [KM] . Usually it is non-trivial to make 'Whitney-trick-arguments' work for codimension 2; a famous example is the Freedman 1984 proof of Poincaré conjecture in dimension 4. The non-triviality of Theorem 1.5 is also seen from Theorem 1.6, which shows that the analogous statements for for r = 2 are false.
(b) Theorem 1.6 strengthens the following well-known result of Freedman, Krushkal and Teichner [FKT] : 7 there is a 2-dimensional complex that admits a Z-almost 2-embedding in R 4 but that does not embed in R 4 . Our new proof ( §3) of the Singular Borromean Rings Lemma 3.1 below gives a shorter, elementary proof of this result. Theorem 1.6 is essentially known [FKT] to be implied by known Singular Borromean Rings Lemma 3.1, which we consider beautiful and interesting in itself (see §3 for the details).
Let us state a theorem which is interesting in itself, and which in simple terms illuminates 'the core' of our results.
An r-component n-link in S m is a PL embedding S 1 . . . S r → S m of disjoint union of r copies of S n . Let B d := [0, 1] d denote the standard PL ball. We need to speak about PL balls of different dimensions and we will use the word 'disk' for lower-dimensional objects and 'ball' for higherdimensional ones in order to clarify the distinction (even though, formally, the disk D n is the same as the ball B n ). We denote by ∂M respectivelyM the boundary respectively interior of a manifold M . A map f : M → B of a manifold to a ball is called proper, if f −1 ∂B = ∂M . In this paper we work in the PL category, in particular, all disks, balls and maps are PL.
An r-Whitney map is a proper general position PL map g : D → B from the disjoint union D = D 1 . . . D r of r disks of dimension k(r − 1) to a PL kr-ball.
Let f be an r-component (k(r − 1) − 1)-link in S kr−1 . Extend f to an r-Whitney map g : D → B (e.g., by 'coning' each f | S i to interior point of B). Define the r-linking number of f by lk f := gD 1· . . . · gD r ∈ Z. This definition is a natural generalization of the classical linking number (obtained for r = 2), and µ-invariant of [FT] (obtained for r = 3 and k = 1). 8 Analogously to the case r = 2 one can check that lk f is well-defined, i.e., is independent of the choices of the extension g [MW] .
Clearly, if an r-component (k(r − 1) − 1)-link in S kr−1 bounds an r-Whitney map g : D → B such that gD 1 ∩ . . . ∩ gD r = ∅, then the link has zero r-linking number. Remark 1.13. (a) The case r = 2 of Theorem 1.12 is known. 9 The case k = 1 holds by the Jordan Theorem. The case r, k ≥ 3 is essentially proved in [MW] . The case r ≥ 3, k = 2 is a result of of this paper. See related results in §4.
(b) If k = 2, in the Disjoint Disks Theorem 1.12 we may obtain additionally that the resulting map embeds each disk. For k = 1 take 'shifted cones', for k ≥ 3 see [MW] . If k = r = 2, we cannot obtain this (as e.g. the Whitehead link shows). It would be interesting to know if we can obtain this for k = 2, r ≥ 3. Remark 1.14 (Open problems). (a) Gromov's problem. [Gr, 2.9 .c] Is it correct that if k ≥ 2 and r is not a prime power, then for each (r − 1)k-polyhedron K there is a continuous map X → R kr each of whose point preimages contains less than r points?
Cf. Corollary 1.7.a. In fact, Gromov stated this question for each compact subset K of R m for some m, having Lebesgue dimension dim K = (r − 1)k, and without the k ≥ 2 restriction. We state the question of polyhedra to make it more accessible and to emphasize that even this case is non-trivial. We conjecture that the answer is 'yes'. If one requires here PL instead of continuous, the question seems to be more complicated, cf. [Ma] .
(b) Conjecture. Let X be a compact subset of R m for some m. We have dim(X ×X ×X) < 6n if and only if any continuous map X → R 3n can be arbitrary close approximated by a continuous map without triple points. 10 (c) It would be interesting to investigate whether the results of [DRS, ST91, RS98, Sk00] , [Sk02, Disjunction Theorem 3.1], [Sk08, Theorems 4.4, 5.4, 5.5, Example 5.9 .c] on 2-fold intersections can be generalized to r-fold intersections.
8 It is also similar in spirit, but different from, the Massey-Milnor triple linking number [Sk, §2.6 'Massey-Milnor and Sato-Levine numbers'] which distinguishes Borromean rings from the standard link. The 3-linking number of Borromean rings is not defined, because they do not form an r-component (k(r − 1) − 1)-dimensional link in S kr−1 for any k, r. For the relation see [FT, Theorem 3] . 9 The subcase k ≥ 3 is a version of Whitney trick. The subcase k = 2 is an exercise on elementary knot theory, cf. [Sk, §2. 3 'Linking number', Problem 2.16.a]. Here is a well-known proof. Given a 2-component 1-dimensional link in S 3 , one can unknot one component in the complement of the second by crossing changes (or by finger moves, guided along arcs) [PS96, Theorem 3.8] . By the assumption the linking number is zero. The linking number is preserved under crossing changes. So after crossing changes we obtain a link formed by the unknot and the component which shrinks in the complement of the unknot. For such link the assertion is trivial. The case r = 2 was deeply generalized for other manifolds instead of disks and balls; for the subcase k = 2 see [ST] and references therein.
10 The conjecture is interesting for 'fractal' 2n-dimensional compacta X, for which dim(X × X × X) < 3 dim X.
(d) Is almost 2-embeddability of finite 2-dimensional complexes in R 4 NP hard? (e) Conjecture. For each n + 2 ≤ m ≤ 3n 2 + 1 there exists a finite n-dimensional complex K that does not admit an almost 2-embedding in R m but for which there exists a S r -equivariant map K ×r ∆ → S m(r−1)−1 as in Proposition 1.8 (3). Possibly our proof of Theorem 1.6 can be generalized. The analogue of the Singular Borromean Rings Lemma 3.1 for S 1 and S 2 replaced by S k and S 2k is true (with analogous proof) and gives an example of a finite 2k-dimensional complex K that does not admit an almost 2-embedding in R 3k+1 . We conjecture that there exists a S r -equivariant map K ×r ∆ → S m(r−1)−1 . Or, alternatively, a positive answer to (d) could be applied.
Multiple Disjunction Theorems
Theorems 1.4 and 1.5 (Z-almost r-embeddability implies almost r-embeddability), as well as the Disjoint Disks Theorem 1.12 and Theorem 4.3 below, follow by the Global Disjunction Theorems 1.15.ab below. The latter are 'cancelation of a pair of global r-fold points of opposite sign'. Cf. Remarks 1.11 and 1.18.
The Global Disjunction Theorems 1.15.ab are derived from the Local Disjunction Theorems 1.16 and 1.17 below (see deductions in §2.3, §2.1). The latter are technical versions of the Disjoint Disks Theorem 1.12, i.e. are the above cancelation in a restricted local situation.
Let us present accurate statements and deductions.
and, if z is a global r-fold point of f , then z is a global r-fold point of f and z ∈ {x, y}.
Assertion (D 1,2 ) is 'redrawing of a graph in the plane' [Sc, §4] . We conjecture that it is true.
Proof of Theorems 1.4 and 1.5 assuming assertion
consists of pairs of global r-fold points of opposite sign. By assertion (D k,r ), we eliminate these pairs one by one, without introducing any new global r-fold points in the process. By repeating this for every r-tuple of pairwise disjoint simplices, we obtain an almost r-embedding g : K → R kr .
The Global Disjunction Theorems 1.15.c follows because assertion (D 2,2 ) implies the negation of Theorem 1.6 analogously to the above proof.
The Global Disjunction Theorems 1.15.d follows because assertion (D 1,r ) implies the negation of Theorem 4.2 analogously to the above proof.
Let us state the Local Disjunction Theorems. 
For the Local Disjunction Theorem 1.16 one should make remarks analogous to Remark 1.13.a, except that the analogue for k = 1 is conjecturally false, cf. Theorem 4.2.
To prove assertion (D 2,r ) for r ≥ 3 (Theorem 1.15.b) one needs not the analogue of the Local Disjunction Theorem 1.16 for k = 2 but the following stronger Local Disjunction Theorems 1.17.
A codimension 2 r-Whitney map is a general position PL map g : P D → B to a PL 2r-ball, where
• P is a 2(r − 1)-complex, and g| P is an embedding,
is the disjoint union of r disks of dimension 2(r − 1), and g| D is proper.
Theorem 1.17 (Local Disjunction). Let r ≥ 3 and f : P D → B be a codimension 2 r-Whitney map such that
• any intersection of any number of f D 1 , . . . , f D r is a proper submanifold of B, and
consists of two points of opposite r-intersection signs. Then there exists a codimension 2 r-Whitney map f : P D → B such that f = f on P ∂D and the intersection of any r objects of f P, f D 1 , . . . , f D r is empty. (b) The analogue of the Local Disjunction Theorem 1.15 for r = 2 is false: take P = D 2 and map f : P D 1 D 2 → B 4 to be 'disks spanned by Borromean rings'.
(c) The Global and Local Disjunction Theorems 1.15.ab, 1.16 and 1.17 are partial analogues of the Whitney trick, but we prefer a self-descriptive name.
Moreover, there is a difference that is worth mentioning. Applying the Disjunction Theorems may introduce new r-fold points (albeit no global ones), whereas the higher-multiplicity Whitney trick [MW, Thm. 17] does not create any new r-fold points at all. Cf. Remark 1.13.b. For the study of almost r-embeddings, this difference is immaterial. But it is important in other applications, e.g., it yields the harder version Theorem 4.3.b of Theorem 4.3.a.
Proof of the Disjunction Theorems for codimension 2.1 Proof of the Disjunction Theorems assuming Modification Lemma
Proof of the Global Disjunction Theorem 1.15.b assuming the Local Disjunction Theorem 1.17. Take any i ∈ {1, 2, . . . , r}. Let
Choose a general position path λ i ⊂ σ i joining x i to y i . By general position the dimension of the self-intersection set of
(In our situation this implies that f | λ i is an embedding for each 1 ≤ i ≤ r.) Since r ≥ 3, we have 2r > 4. Hence by general position • this circle is unknotted inB 2r , i.e. bounds an embedded 2-disk δ i .
• the union δ := δ 1 ∪ . . . δ r−1 is an embedded 2-disk and • f −1 (δ) = λ 1 · · · λ r P , where P is a finite set of points outside the self-intersection set of f and the (2r − 3)-skeleton of K. 12 Let β be a small regular neighborhood of δ inB 2r . Then β ∼ = B 2r and f −1 (β) = P D, where 12 In this property P need not be empty. That is why we have to include P in the definition of the codimension 2 r-Whitney map, in contrast to the definition of the r-Whitney map.
• P is a regular neighborhood of P in K, and • D is the disjoint union of regular neighborhoods
The intersection of any number (greater than 1) of f (λ 1 ), . . . , f (λ r ) is {x, y}. Hence the intersection of any number of f D 1 , . . . , f D r occurs only in small neighborhoods X, Y of x, y. By general position X ∩ f D k equals to the intersections of X and an affine space, and X intersect the intersection of any number of these affine spaces by a submanifold. Analogous assertion holds with X replaced by Y . Therefore the intersection of any number of f D 1 , . . . , f D r is a proper submanifold of β.
Thus the abbreviation f : P D → β of f satisfies to the assumptions of the Local Disjunction Theorem 1.17. Take a map f given by that Theorem. Extend f by f outside P D. Clearly, f is as required. Proof of the Local Disjunction Theorem 1.17 assuming the Modification Lemma 2.1. Apply the Modification Lemma 2.1 to obtain a map f . By general position, the intersection of each (r − 1)-subcollection of f -images of P and the first r − 1 balls is at most 2-dimensional. Denote by X the union of all these intersections. By general position B − X is (2r − 4)-connected. Since r ≥ 3, by the Hurewicz theorem the Hurewicz homomorphism
is an isomorphism (we only need the injectivity).
In the following paragraph we prove that the abbreviation f : ∂D r → B − X represents the trivial element in H 2r−3 (B − X).
Consider the composition 
Proof of the Modification Lemma
For any 0 ≤ n ≤ r − 2 an n-piped codimension 2 r-Whitney map (or shortly n-piped map) is a general position PL map g : P M → B to a PL 2r-ball, where
(1) P is a 2(r − 1)-complex, and g| P is an embedding; (2 n ) M = M 1 . . . M r is the disjoint union of n copies M 1 , . . . , M n of S 1 × S 2r−3 \ D 2r−2 and r − n disks M n+1 , . . . , M r of dimension 2(r − 1); all ∂M i are identified with S 2r−3 and g| M is proper;
13 The Alexander duality itself is the composition
Here OX and O(X ∩ ∂B) are regular neighborhoods in B and in ∂B, respectively; ∂ is the isomorphism from the exact sequence of pair; e is the excision isomorphism; L is the Lefschetz duality isomorphism; and c is the isomorphism induced by the contraction.
(3 n ) any intersection of gM 1 ∩. . .∩gM n ∩gM r−1 with any number of gM n+1 , . . . , gM r−2 , gM r is a proper submanifold of B.
(4 n ) gM 1 ∩ . . . ∩ gM r consists of two points of opposite r-intersection signs, the points lying in the same connected component of gM 1 ∩ . . . ∩ gM n ∩ gM r−1 .
Property (3 n ) implies that gM 1 ∩ . . . ∩ gM n ∩ gM r−1 is a proper submanifold of B.
Analogously to the definition of the r-intersection sign given before Theorem 1.4 (cf. [MW, §2.2]), orientations on B, M 1 , . . . , M r give an orientation on the intersection. So property (3 n ) is equivalent to (S3 n ) any intersection of gM 1 ∩. . .∩gM n ∩gM r−1 with any number of gM n+1 , . . . , gM r−2 , gM r is a proper orientable submanifold of B.
Lemma 2.2 (Piping). For any n ∈ {0, 1, . . . , r − 3} let f : P M → B be an n-piped map. Then there is an (n + 1)-piped map g : P N → B such that N j = M j for each j = n + 1 and
Lemma 2.3 (Unpiping). Let f : P M → B be a (r − 2)-piped map. Then there exists a codimension 2 r-Whitney map f : P D → B such that f = f on P ∂D ∪ D r−1 ∪ D r and f satisfies the condition (*) from the Modification Lemma 2.1.
Proof of the Modification Lemma 2.1 assuming the Piping and Unpiping Lemmas 2.2 and 2.3. The second and the third assumptions of the Local Disjunction Theorem 1.17 imply the properties (3 0 ) and (4 0 ), respectively. So f is a 0-piped map. Apply the Piping Lemma 2.2 inductively starting with f to obtain an (r − 2)-piped map f . Applying the Unpiping Lemma 2.3 to f we obtain a codimension 2 r-Whitney map f : P D → B. Let us prove that f is as required.
By the Unpiping Lemma 2.3 the map f satisfies the condition (*).
We have that f = f = f on P D r−1 D r . By the hypothesis of the Lemma (the first assumption of the Local Disjunction Theorem 1.
Proof of the Piping Lemma 2.2. Denote by x, y the two points of f M 1 ∩ . . . ∩ f M r . Denote by Q the connected component of f M 1 ∩ . . . ∩ f M n ∩ f M r−1 containing x, y. By (S3 n ), Q is a connected proper orientable submanifold in B. By general position, dim Q = 2(r − n − 1).
We have
By (S3 n ), Q + is a proper orientable submanifold of Q. By general position, q := dim Q + = 2(r − n − 2). Pick two generic points a, b ∈ Q + such that a is in the connected component of Q + containing x, and b is in the connected component of Q + containing y. By general position f | M n+1 is an embedding over a neighborhood of a, b. Since Q is connected, there exists a generic path l ⊂ Q connecting a and b. By general position l ∩ Q + = {a, b}, l is at a positive distance from f M j for each j > n + 1, j = r − 1, and l does not contain non-locally flatness points of Q in B (which may only exist for n = 0). 14 Since q = 2(r − n − 2), we can take an embedding L :
is a regular neighborhood of {a, b} in Q + , and
Since q = dim Q − 2, we can make a surgery of Q + along some such pipe L(I × D q ) to obtain an orientable manifold Q ++ such that x, y lie in the same connected component of Q ++ . Cf. [RS72, Proof of Proposition 5.10].
By general position Q and f M n+1 are transverse at {a, b}. Since l does not contain nonlocally flatness points of Q in B, submanifold Q is locally flat in B over a neighborhood of l. Hence we can extend L to an embedding L :
is a regular neighborhood of {a, b} in f M n+1 , and the orientation of f M n+1 on this neighborhood is compatible with the 'boundary' orientation of
• im L ∩ f M j = ∅ for each j > n + 1, j = r − 1. Denote by h : N n+1 → B the embedding obtained by a surgery on f M n+1 along the pipe im L. By the compatibility of the orientations property,
Define a map g : P N → B by requiring property (2 n+1 ) and by setting g = h on N n+1 and g = f on P (N \ N n+1 ) . Clearly, properties (1) and (4 n+1 ) hold.
In this paragraph we check property (3 n+1 ). By construction gM 1 ∩. . .∩gM n ∩gM n+1 ∩gM r−1 is a proper submanifold of B. All the other intersections in (3 n+1 ) involve gM j for some j > n+1, j = r − 1. The surgery on f M n+1 was along the pipe im L disjoint from gM j = f M j . Hence that intersection is the same as the corresponding intersection for f . The latter is a proper submanifold of B by property (3 n ).
Proof of the Unpiping Lemma 2.3. Take any i ∈ {1, . . . , r − 2}. Let k := 2. (This is convenient for later reference to this argument.) Denote m := kr − k − 1. Choose a general position embedded 2-disk β i ⊂ B such that ∂β i = f (S 1 × * i ), where * i ∈ S m i is some point. Denote by Oβ i a small regular neighborhood of β i in B. Take a small regular neighborhood
Define a codimension 2 r-Whitney map
Let us prove that f is as required. By the construction f = f on P ∂D ∪ D r−1 ∪ D r . By (4 r−2 ) the intersection f M 1 ∩ . . . ∩ f M r consists of two points, say x and y, of opposite signs.
We have that 2 = dim β i < dim D i for each i. Hence by general position, every intersection
Denote by Q the connected component of f M 1 ∩. . .∩f M r−1 containing x and y. By (S3 r−2 ), Q is a proper orientable submanifold of B. By general position β i ∩ Q = ∅. So we may assume that Oβ i ∩ Q = ∅. Since the image of f differs from the image of f only inside the union of Oβ i , it follows that Q is a connected component of f D 1 ∩ . . . ∩ f D r−1 . Thus f satisfies the condition (*) from the Modification Lemma 2.1 for the connected component Q.
Alternative proof for codimension 3
Here we present a simpler alternative proof of one of the main results of [MW14, MW] (Theorem 1.4). We make two kinds of simplifications. First, we prove weaker lemmas sufficient for the proof of Theorem 1.4, thus simplifying the proof (cf. Remark 1.11). Second, we restructure the proof and give names to main objects, thus simplifying the exposition. The proof is mostly a repetition, with pleasant simplifications, of §2.1 and §2.2.
Proof of the Global Disjunction Theorem 1.15.a assuming the Local Disjunction Theorem 1.16. Take any i ∈ {1, 2, . . . , r}. Let
Choose a general position path λ i ⊂ σ i joining x i to y i . By general position dimension of the self-intersection set of f does not exceed k(r − 1) − 2, so the union f (λ i ) ∪ f (λ i+1 ) is an embedded circle inB kr for each 1 ≤ i < r.
Since k ≥ 3, we have kr > 4. Hence by general position • this circle is unknotted inB kr , i.e. bounds an embedded 2-disk δ i , • the union δ := δ 1 ∪ . . . ∪ δ r−1 is an embedded 2-disk, and 
of the Alexander duality and the Universal Coefficients isomorphisms. This composition carries For any 0 ≤ n ≤ r − 2 an n-piped r-Whitney map is a general position proper PL map g : M → B to a PL kr-ball, where (2 n ) M = M 1 . . . M r is the disjoint union of n copies M 1 , . . . , M n of S 1 ×S kr−k−1 \D k(r−1) and r − n disks M n+1 , . . . , M r of dimension k(r − 1); all ∂M i are identified with S kr−k−1 and properties (3 n ) and (4 n ) of §2.2 hold. Analogously to §2.2 property (3 n ) is equivalent to (S3 n ).
Lemma 2.5 (Piping). For each n ∈ {0, 1, . . . , r − 3} let f : M → B be an n-piped r-Whitney map. Then there is an (n + 1)-piped r-Whitney map g :
Lemma 2.6 (Unpiping). Let f : M → B be a (r − 2)-piped r-Whitney map. Then there exists an r-Whitney map f : D → B such that f = f on ∂D ∪ D r−1 ∪ D r and f satisfies the condition (*) from the Modification Lemma 2.4.
Proof of the Modification Lemma 2.4 assuming the Piping and Unpiping Lemmas 2.5 and 2.6. The assumptions of the Local Disjunction Theorem 1.16 imply the properties (3 0 ) and (4 0 ). So f is a 0-piped r-Whitney map. Apply the Piping Lemma 2.5 inductively starting with f to obtain an (r − 2)-piped r-Whitney map f . Applying the Unpiping Lemma 2.6 to f we obtain an r-Whitney map f : D → B. Clearly, f is as required.
Proof of the Piping Lemma 2.5. Denote by x, y the two points of
By (S3 n ), Q + is a proper orientable submanifold of Q. By general position, q := dim Q + = k(r − n − 2). Pick two generic points a, b ∈ Q + such that a is in the connected component of Q + containing x, and b is in the connected component of Q + containing y. Since Q is connected, there exists a path l ⊂ Q connecting a and b. By general position we may assume that l ∩ Q + = {a, b}, and that l is at a positive distance from f M j for each j > n + 1, j = r − 1.
Since q = k(r − n − 2), we can take an embedding L :
we can make a surgery of Q + along some such pipe L(I × D q ) to obtain an orientable manifold Q ++ such that x, y lie in the same connected component of Q ++ . Cf. [RS72, Proof of Proposition 5.10].
Since kr − dim Q ≥ 3, submanifold Q is locally flat in B. Hence we can extend L to an embedding L :
) is a regular neighborhood of {a, b} in f M n+1 , the orientation of f M n+1 on this neighborhood is compatible with the 'boundary' orientation of
Denote by h : N n+1 → B the embedding obtained by a surgery on f M n+1 along the pipe im L. By the compatibility of the orientations property,
Define a map g : N → B by requiring property (2 n+1 ) and by setting g = h on N n+1 and g = f on N \ N n+1 . Clearly, properties (1) and (4 n+1 ) hold. Property (3 n+1 ) is checked as in the last paragraph of the proof of the Piping Lemma 2.2 in §2.2.
Proof of the Unpiping Lemma 2.6 repeats proof of the Unpiping Lemma 2.3 for P = ∅ and k ≥ 3.
3 Simple proofs of Theorem 1.6 and Lemma 3.1 Remark 3.2. (a) Lemma 3.1 is analogous to the classical statement on Borromean rings in R 3 . To get the statement substitute Σ p , Σ m , S 1 × S 1 and R 4 by S 1 p , S 1 m , S 1 × S 1 , and R 3 , respectively, and add an additional condition that f (S 1 p ) and f (S 1 m ) are unlinked modulo 2. (b) Lemma 3.1 for the case of embedded torus f (T ) was proved in [KT, Theorem 1 and the middle paragraph on page 53] (in a much more general form). We are grateful to S. Krushkal and P. Teichner for explanation of how the proof of [KT] works for the case of a non-embedded torus, as well as for sketching a short direct proof of Lemma 3.1 involving the Milnor group of the complement. It would be nice if these arguments would be publicly available.
(c) We present a short elementary proof of Lemma 3.1 analogous to the classical 'triple intersection' proof showing that Borromean rings are linked [Sk, §2. 5 'Massey-Milnor number modulo 2']. It would be interesting to generalize our simpler proof of the Singular Borromean Rings Lemma 3.1 to simpler proofs of some results of [Kr, KT] .
(d) In [SSS] it is shown that for each n + 2 ≤ m ≤ 3n 2 + 1 there exists a finite n-dimensional complex K that admits an almost 2-embedding in R m but that does not embed into R m . (This example was motivated by its corollary involving the deleted product obstruction, cf. Proposition 1.8 (3).) For m = 2n = 4 this improves [FKT] in a different direction as Theorem 1.6: there exists a finite 2-dimensional complex K that admits an almost 2-embedding in R 4 but that does not embed into R 4 .
Proof of the Singular Borromean Rings Lemma 3.1. Assume to the contrary that the map f exists. Without loss of generality, we may assume that f is in general position.
Throughout the proof all the chains and cycles are assumed to have Z 2 coefficients, and all the equalities are congruences modulo 2. Since all the chains below are represented by general position polyhedra, chains could be identified with their supporting bodies. We denote by ∂ the boundary of a chain.
We can view f (T ), f (Σ p ), and f (Σ m ) as 2-dimensional PL cycles in general position in R 4 . Denote by C T , C p , and C m singular cones in general position over f (T ), f (Σ p ), and f (Σ m ), respectively. We view these cones as 3-dimensional PL chains. The contradiction is 0 =
(1)
Here (1) follows because C T ∩C p ∩C m is a 1-dimensional PL chain, so its boundary is 0. Equation (2) is Leibniz formula. So it remains to prove (3).
Proof of (3). For
For the second term we have
= 0, where
• (*) holds because by general position both C T and C m avoid self-intersection points of f (Σ p ),
• (**) holds by the well-known [Sk, Parity Lemma 3.2 .c] because the intersecting objects are general position cycles in Σ p .
Analogously
For the first term we have
• (***) holds because by general position both C p and C m avoid self-intersection points of f (T ),
• (****) is proved as follows. By conditions (b) and (c) of Lemma 3.1 we have
I.e. the 1-cycle f −1
T C p in T intersects the parallel p and the meridian m at 1 and 0 points modulo 2, respectively. Therefore f −1 T C p is homologous to the meridian m. Likewise, f −1 T C m is homologous to the parallel p. This implies (****).
Construction of the 2-complex in Theorem 1.6. We begin by recalling the construction of the 2-complex K from [FKT] . Let P be the 2-skeleton of the 6-simplex whose vertices are {p 1 , . . . , p 7 }. The 2-complex K then is defined by the formula
where T is the torus S 1 ×S 1 with any triangulation for which S 1 ×·, m = ·×S 1 are subcomplexes.
Lemma 3.3. [VK, Satz 5] Let g : P → R 4 be a PL map in general position of the 2-skeleton of the 7-simplex. Then the number v(g) of intersection points of f -images of disjoint triangles (i.e., the total number of global 2-fold points of g) is odd. 16
Proof of Theorem 1.6. Analogously to [FKT, §3.3] , K admits a Z-almost 2-embedding in R 4 . Suppose to the contrary that there is a PL almost 2-embedding f : K → R 4 . We may assume it is in general position. Let us show that f | Σp Σm T satisfies the conditions (a), (b) and (c) of Lemma 3.1 (this is essentially proved in [FKT, Lemma 6] ). This is impossible by the Singular Borromean Rings Lemma 3.1. The first condition is satisfied because f is an almost 2-embedding and because any simplex in the triangulation of T is vertex-disjoint from any simplex in Σ p and from any simplex in Σ m .
The complex K contains the cone p 4 * p, which is a disk disjoint from Σ m . Since f is an almost 2-embedding, f (p 4 * p) ∩ f (Σ m ) = ∅. Then f (p) and f (Σ m ) are unlinked modulo 2. Analogously, f (m) and f (Σ p ) are unlinked modulo 2.
Extend f | P − to a general position PL map g : P → R 4 . Then the sphere f (Σ p ) = g(Σ p ) and the circle f (p) = g(p) are linked modulo 2 because
• (1) holds because f | P − is an almost 2-embedding, so f (σ) ∩ f (τ ) = ∅ for all 'other' pairs σ, τ ;
• (2) holds by Lemma 3.3. Analogously the sphere f (Σ p ) = g(Σ p ) and the circle f (p) = g(p) are linked modulo 2.
Remark 3.4. (a) The complex in Theorem 1.6 is (essentially) the one constructed in [FKT] . Also, the Singular Borromean Rings Lemma 3.1 for embedded spheres f (Σ p ) and f (Σ m ) was (not stated but) essentially proved in [FKT] , cf. [Sk, Borromean rings Lemma 2.30] . The proof in [FKT] uses the fact that f (Σ p ) and f (Σ m ) are embedded to deduce by Alexander duality that H 2 (R 4 − f (Σ p Σ m )) = 0, and then applies the Stallings Theorem on the lower central series of groups [FKT, Proof of Lemma 7] . This may fail if f (Σ p ) and f (Σ m ) are not embedded.
(b) Comparison of our proof with [FKT, KT] illustrates in geometric (more precisely, in homological) language the relation between Massey products and commutators, cf. [Po] .
(c) Our proof shows that in the Singular Borromean Rings Lemma 3.1 (and hence in Theorem 1.6) R 4 can be replaced by any PL manifold that is a Z 2 -homology sphere. 16 The lemma implies that the Van Kampen obstruction of P is nonzero even modulo 2, or equivalently, P does not admit a 'Z2-almost 2-embedding' in R 4 . For an elementary exposition and an alternative proof see [Sk14] . Cf. Theorem 1.12. Theorem 4.1 follows from Theorem 4.3.a below. Thus the case r = 2 is known, the case r, k ≥ 3 is a result of [MW] , the case r ≥ 3, k = 2 is a result of of this paper, cf. Remark 1.13.a. The analogue of Theorem 4.1 for k = 1 and r = 2 is clearly true, for k = 1 and each r ≥ 3 is false:
Theorem 4.2. For each r ≥ 3 there is an r-component (r − 2)-ornament in S r−1 whose rlinking number is zero, but which does not bound an r-Whitney map g : D → B such that gD 1 ∩ . . . ∩ gD r = ∅. Theorem 4.3. The r-linking number defines a 1-1 correspondence between Z and the set of (a) ornament concordance classes of r-component (k(r − 1) − 1)-ornaments (or doodles) in S kr−1 for each r, k ≥ 2.
(b) doodle concordance classes of r-component (k(r − 1) − 1)-doodles in S kr−1 for each r ≥ 2, k ≥ 3. Theorem 4.3 for r = 2 is well-known. Theorem 4.3 for r, k ≥ 3 is essentially proved in [MW] , for Theorem 4.3.b see Remark 1.13.b. Theorem 4.3.a for r ≥ 3, k = 2 is a result of this paper. Cf. Theorems 1.12 and 4.1. Proof. It is easy to define the map f on D 2 . . . D r so that the property (i) is satisfied. Let us now define f on ∂D 1 . Identify S r−1 = ∂B r with S 2 * S r−4 , and S r−2 = ∂D 1 with S 1 * S r−4 . (This works for r = 3, when S r−4 = ∅.) Without the loss of generality we may assume that {p 1 , p 2 , n 1 , n 2 } ⊂ S 2 * ∅ ⊂ S r−1 . Let 8 : S 1 → S 2 be a map whose image is figure "8" winding 1 time around p 1 , −1 time around p 2 , and 0 times around n 1 and n 2 , i.e. lk(8, n i ) = 0 and lk(8, p j ) = (−1) j+1 . Now define f | ∂D 1 : ∂D 1 → S r−1 by f := 8 * id S r−4 (see Figure 2. 
b).
Let us prove that f satisfies (ii). Let π be a generic oriented path in S 2 = S 2 * ∅ ⊂ S r−1 from p j to n i . Then gD 1· λ = gD 1· (λ ∪ −π) + gD 1· π = 0 + f ∂D 1· π = 8 · π = lk(8, n i − p j ) = 0 − (−1)
Proof of Theorem 4.2. Let us prove that for each map f given by Lemma 4.5 the ornament f | ∂(D 1 ... Dr) is as required. Extend f to D 1 properly and generically in an arbitrary way (e.g., by coning over a generic point).
Proof that f D 1· · · · · f D r = 0. By the property (i) of Lemma 4.5 (and possibly by exchanging n 1 , n 2 ) we may assume without the loss of generality that M consists of generic oriented paths λ j from p j to n j , j = 1, 2, and a union ω of disjoint embedded circles (see Figure 2 .a). Then by the property (ii) of Lemma 4.5 we have f D 1· · · · · f D r = f D 1· (λ 1 λ 2 ω) = −1+1+0 = 0.
Proof that gD 1 ∩ · · · ∩ gD r = ∅ for any other proper generic map g : D 1 · · · D r → B r such that f = g on ∂(D 1 . . . D r ). Since f = g is generic on the boundary, we have that M := gD 2 ∩ . . . ∩ gD r is a relative 1-dimensional integer homology cycle in B r and ∂M = {p 1 , p 2 , n 1 , n 2 }. Without the loss of generality (and possibly by exchanging n1, n2), we may assume that M contains an oriented path λ 1 from p 1 to n 1 . By the property (ii) of Lemma 4.5, p 1 and n 1 are in the different connected components of B r \ gD 1 . So
